Abstract. We consider the phenomenological implications of the violation of the Pauli exclusion principle for neutrinos, focusing on cosmological observables such as the spectrum of Cosmic Microwave Background anisotropies, Baryon Acoustic Oscillations and the primordial abundances of light elements. Neutrinos that behave (at least partly) as bosonic particles have a modified equilibrium distribution function that implies a different influence on the evolution of the Universe that, in the case of massive neutrinos, can not be simply parametrized by a change in the effective number of neutrinos. Our results show that, despite the precision of the available cosmological data, only very weak bounds can be obtained on neutrino statistics, disfavouring a more bosonic behaviour at less than 2σ.
Introduction
Neutrinos are probably the most peculiar particles of the Standard Model. Due to the weakness of their interactions, the experimental study of neutrinos has been only developed in the last decades, leading to unexpected properties such as neutrino mixing. Nowadays, thanks to a plethora of experimental results on the measurement of reactor, accelerator, atmospheric and solar neutrinos, the phenomenon of flavour oscillations is well understood (see e.g. [1] ). However, terrestrial experiments are not always the best option for constraining some neutrino properties and alternative astroparticle probes could be employed instead. For instance, by studying the relics of the Big Bang, such as the Cosmic Microwave Background (CMB) radiation and the distribution of matter at large scales, one can gain knowledge on elementary particles, even those with extremely weak interactions like neutrinos, which played a very important collective role in the Universe evolution [2] . There have been many cosmological studies on various neutrino properties, as for example their total mass, the possible existence of light sterile neutrinos, their contribution to the so-called dark radiation (via the effective number of neutrino species, N eff ), or neutrino self-interactions (see e.g. [3, 4] for a review).
In this paper, our aim is to investigate the possible cosmological bounds on another property of these tiny particles: the neutrino statistics. From the theoretical point of view, this issue was addressed in an original work by W. Pauli [5] , which results in the wellknown spin-statistics theorem. According to it, the wave function of integer-spin particles should be symmetric, meaning that it is invariant under permutations of the position of identical particles. Those particles are categorised as bosons, and an ensemble of bosons in thermal equilibrium obeys the Bose-Einstein (BE) distribution. On the other hand, particles with half-integer spin should be represented by antisymmetric wave functions, which change sign under position permutations. These particles are named fermions, and their thermal distribution is the Fermi-Dirac (FD) distribution. This is the case, for instance, of neutral leptons such as neutrinos. However, contrary to the case of electrons and nucleons, a possible violation of the Pauli exclusion principle for neutrinos is not yet experimentally excluded, although it affects elementary processes which involve identical neutrinos, such as double beta decay [6, 7] . Such a violation was discussed in a series of theoretical papers, although no satisfactory model has been proposed so far (more discussion in [6] and references therein).
Here we follow previous works and take a purely phenomenological approach for neutrino statistics, described by a single continuous parameter κ ν which describes purely fermionic (κ ν = +1) and purely bosonic (κ ν = −1) neutrinos. Previous analyses have described the main effects of κ ν = 1 on the early Universe, in particular on Big Bang Nucleosynthesis (BBN) [6, 8, 9] , including a change in the contribution to the relativistic degrees of freedom (see also [10] [11] [12] ). A modified neutrino statistics would also lead to a different behaviour as hot dark matter [13, 14] and, in the extreme case of bosonic relic neutrinos, even as light as axions, they could condense and act as the cosmological dark matter [6] . Other astrophysical consequence of the violation of the Pauli principle would be a different influence on the dynamics of the supernova collapse [6] , as well as on a future detection of supernova neutrinos [15] .
Our paper extends previous works on the cosmological implications of a modified neutrino statistics, studying the bounds on κ ν that can be obtained from the precise cosmological data currently available, both from BBN and the combined analysis of CMB measurements and Baryon Acoustic Oscillations (BAO) data, including for the first time neutrino mass as a free parameter. In addition, we want to check how the currently known cosmological tensions are affected by a deviation from the purely fermionic nature of neutrinos. For instance, CMB measurements from the Planck satellite [16, 17] appear to prefer a significantly lower value of the current expansion rate H 0 = 100 h km s −1 Mpc −1 than what was derived from the type Ia Supernovae Survey [18] . Another tension that involves the same Planck mission affects matter fluctuations at small scales, quantified by the parameter σ 8 (a measure of the mean matter fluctuations in a sphere with a radius of 8 Mpc). Recent determinations of this parameter, using KiDS-450 [19] and Dark Energy Survey (DES) [20] data, result in a smaller value than the one obtained by Planck, exhibiting a discrepancy at a level of a bit more than 2σ in the pure ΛCDM model. Finally, concerning BBN, we have the well-known discrepancy between the theoretical value of the primordial 7 Li abundance and its experimental determination from the Spite plateau [21] , the so-called 7 Li problem. While these tensions may arise from not-yet-revealed observational systematics, they can also be viewed as signals that open doors to new physics.
This work is organised as follows. In section 2 we describe the main phenomenological effects of a modified neutrino statistics on the cosmological evolution. The analysis of the corresponding cosmological model taking into account present data, from CMB alone and in combination with BAO measurements, is presented in section 3, while the effects and bounds from primordial nucleosynthesis are discussed in section 4. Finally, we summarize our main results and present our conclusions.
Cosmological effects of a modified neutrino statistics
In our phenomenological study we consider that the energy distribution of neutrinos in a thermal bath, using natural units c = = k B = 1, is given by
where T ν and E are, respectively, the neutrino temperature and energy, and κ ν is the FermiBose parameter that characterizes the neutrino statistics, which can vary from −1 to +1. Such a parametrization is motivated by earlier works on possible deviations of the neutrino statistics from the Fermi-Dirac distribution [6, 7, 9] . The strongest bound on the parameter κ ν up to now comes from the observation of two-neutrino double beta decay processes, which leads to the lower bound κ ν > −0.2 [7, 22] 1 . Thus, a 100% violation of Fermi statistics for neutrinos is disfavoured, but a large admixture of the bosonic component can still be present.
The parameter κ ν should be also present in the statistical factor of the collision integral of any process involving neutrinos. For instance, in the case of the elastic scattering ν 1 +l 1 ↔ ν 2 + l 2 the corresponding statistical factor would be
The generalized form f eq ν (E) in eq. (2.1) guarantees that, in thermal equilibrium, the collision integral of the process vanishes also for the case of mixed neutrino statistics.
In the early Universe, neutrinos decouple from the rest of the primeval plasma at a temperature around 1 MeV, when they still behave as ultrarelativistic particles [2] . Afterwards, their distribution function will be described by the equilibrium distribution function of a massless fermion in the standard case or by the form in eq. (2.1) with the substitution E(p) → p in the case of a mixed neutrino statistics.
The first and obvious effect of κ ν = 1 is a change in the contribution of neutrinos to the cosmological energy density, given by
where g ν = 2 specifies the neutrino degrees of freedom per state. Therefore, varying the neutrino statistics has an impact on the neutrino energy density throughout the entire cosmic history. For massless neutrinos, their modified energy density can be increased up to a factor 8/7 with respect to its value for fermionic neutrinos, as can be seen in Fig. 1 for different values of κ ν . This factor arises from the calculation of the integral in eq. (2.3) for bosonic instead of fermionic particles. The modification in the energy density is fully equivalent to a change in the effective number of neutrinos, N eff , the parameter that describes the impact of relativistic particles other than photons on the total energy density of radiation. For three neutrino states, this amounts to a larger N eff , with a maximum difference with respect to the standard value N std eff = 3.045 [23] of ∆N eff ≡ N eff − N std eff 0.43 for purely bosonic neutrinos. The variation in N eff is one of the required changes for a proper calculation of the outcome of primordial nucleosynthesis, together with the inclusion of the spectrum in eq. (2.1) for electron neutrinos and antineutrinos in the weak processes that relate neutrons and protons, as we discuss in section 4.
For the more realistic case of massive neutrinos, the effect of a mixed statistics to the energy density is different at early and current times. At the epochs when relic neutrinos are still relativistic, their contribution to ρ ν can be parametrized with an enhanced N eff , as we just described. However, after their non-relativistic transition the neutrino energy in eq. (2.3) is replaced by the neutrino mass. In this case, the ratio of the energy densities ρ ν (κ ν )/ρ (0) ν also grows for smaller values of κ ν , but now reaching a maximum of 4/3 for purely bosonic neutrinos, as depicted in Fig. 1 .
Therefore, the full effect of having a modified neutrino statistics on the cosmological energy density is not equivalent to a global rescale of N eff or of the neutrino masses. In the left panel of Fig. 2 we illustrate how the neutrino energy density changes during the cosmological evolution for fermionic (black) and bosonic (red) neutrinos, in comparison to the standard case of κ ν = 1, when N eff is manually increased by 0.43 (dashed blue) and when the neutrino mass is increased by a factor of 4/3 (dashed-dotted green). As we can see, for a lower value of κ ν both the early-and late-time neutrino energy densities are increased as expected from eq. (2.3). The case of FD neutrinos with an increased N eff is equivalent at early times to the case of BE neutrinos, but not at late times, when neutrinos are no longer relativistic. On the other hand, neutrinos with an increased mass mimic the effect of the purely bosonic case only at late times, because the mass does not have any effect at the early stage. In the right panel of Fig. 2 we show the effect of the increased late-time neutrino energy on the current matter power spectrum. A larger late-time neutrino energy density causes more suppression to the matter power spectrum, an effect that is similar to having an increased neutrino mass. Therefore, if one wants to test a mixed neutrino statistics, it is clear that the entire cosmological evolution must be computed taking into account the neutrino distribution with a free κ ν , as well as the possible values of neutrino masses.
Bounds from CMB and BAO data
In this section we study whether cosmological observables such as CMB measurements can provide any bound on neutrino statistics. We base our study on the standard ΛCDM cosmological model, parametrized by the usual six parameters: the baryon and cold dark matter energy densities ω b and ω c , the optical depth to reionization τ , the ratio of the sound horizon to the angular diameter distance at decoupling θ, and the tilt and amplitude of the power spectrum of primordial curvature perturbations n s and A s . In addition, we will consider its extensions: one with fermionic neutrinos and free neutrino masses (ΛCDM+m ν model), one where we fix the neutrino masses and vary the parameter κ ν describing the neutrino statistics (ΛCDM+κ ν model) and the case where both κ ν and m ν are free (ΛCDM+κ ν + m ν model). When considering the models with varying neutrino masses, we adopt a degenerate case for the neutrino mass eigenstates, i.e. three identical masses m ν = m i /3. This is a good approximation, since current cosmological experiments are not yet precise enough to discriminate the three separate mass states. When fixing the neutrino masses, we will assume m ν = 0.02 eV, corresponding to the minimum M ν = m i = 0.06 eV allowed by neutrino oscillations in the context of normal mass ordering.
The theoretical models are computed with a modified version of the Boltzmann code CLASS [24] , while to explore the parameter space we employ its companion code MontePython [25] together with the MultiNest [26] [27] [28] nested sampling algorithm. Concerning the experimental measurements, we use CMB data from the Planck 2015 release 2 : the high-(30 ≤ ≤ 2508) and the low-(2 ≤ ≤ 29) temperature auto-correlation likelihoods, the Planck polarization likelihood at low-multipoles (2 ≤ ≤ 29) and the lensing likelihood from the 4-point correlation function [16, [29] [30] [31] . We will also consider BAO measurements, including data from the 6DF [32] at z = 0.106, SDSS DR7 MGS [33] at z = 0.15 and the two BOSS DR10/DR11 results [34] , from LOWZ at z = 0.32 and from CMASS at z = 0.57.
We do not show here a full comparison between the results obtained in the standard ΛCDM model and the extended ΛCDM+κ ν model, in which we fix a total neutrino mass Σm ν = 0.06 eV and the standard effective number of neutrino species N eff = 3.045 for κ ν = +1 [23] . The reason is that most of the cosmological parameters are affected by the new varying quantity κ ν only through its partial degeneracy with N eff , discussed before, and the constraints do not change significantly. For example, we show in fig. 3 0.8 forces an expected correlation of κ ν with the present value of the Hubble parameter H 0 , which in turn impacts all the other parameters. Since m ν and κ ν have some degree of degeneracy and the neutrino mass is also correlated with H 0 , the size of the 2D allowed contours is much larger in the ΛCDM+κ ν + m ν model. On the contrary, since BAO data strongly constrain m ν , the degeneracy is reduced when the CMB+BAO dataset is considered. The 1D marginalized posteriors on κ ν from our analysis are presented in fig. 4 . Since from the CMB point of view a change in κ ν is nearly equivalent to increasing N eff by 0.43 or less, the current experimental sensitivity is not sufficient to obtain a strong bound on neutrino statistics: the current error on N eff is of the order of 0.2 at 68% CL and the maximum variation ∆N eff 0.43 is within the 95% CL bound. The best we can obtain is then a lower limit
which means that the purely bosonic case is still allowed at the 95% CL, although disfavoured at more than 68% CL. This result is consistent with the lower bound obtained from the analysis of two-neutrino double beta decay (κ ν > −0.2), and implies that mixed statistics of neutrinos is still allowed given the current CMB data. The 68% lower limit changes only a bit if one considers a different data combination for the same model or an extended cosmological model with CMB data only,
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Instead, a difference appears in the analysis of the ΛCDM+κ ν + m ν model with CMB+BAO data. In this case, indeed, we find a 68% range of −0.38 < κ ν < 0.83, that does not include the pure FD and BE distributions. As demonstrated in ref. [35] , however, we recall that a flat prior is not the best way to sample the parameter space of a constrained parameter like m ν or κ ν , and the bounds on these parameters may be influenced by the chosen prior. We think that this is exactly the case and that the anomalous behaviour of the κ ν bounds in this case is driven by the fact that there is a correlation between m ν and κ ν (see fig. 5 ), but BAO data strongly prefer values of m ν close to the lower allowed value. As a consequence, volume effects or shot noise problems are more likely to appear here, since we are dealing with an extreme of the prior range, where the Bayesian inference may suffer more a prior dependence. Moreover, as reported in eq. (3.2), when we fix the neutrino masses to the minimum of our prior, i.e. when we consider the ΛCDM+κ ν model, the bound is perfectly compatible with the one obtained from CMB data alone and there is no exclusion of the FD distribution. Another interesting thing we can learn from fig. 5 is that there is less freedom for BE neutrinos when they have large masses. The reason is that the late time energy density for bosonic neutrinos is 4/3 larger than the FD one for the same masses, and consequently the neutrino mass is more constrained for κ ν −1. We have also studied the impact of a mixed neutrino statistics on the H 0 and σ 8 tensions mentioned in the introduction. In fig. 6 , we show the comparison of the constraints on H 0 and σ 8 from the standard ΛCDM model and the extended models with free neutrino statistics. As it is clear from the 1D posterior distributions, the extended models produce a higher H 0 but similar values of σ 8 with respect to the standard ΛCDM model predictions. Since the value of the Hubble parameter is larger, the tension between CMB-based H 0 estimates and its determinations from local measurements [18] is alleviated. Unfortunately, the 2D plot in the lower panel of fig. 6 shows very well that there is a strong correlation between σ 8 and H 0 , telling us that if H 0 increases, σ 8 cannot be significantly smaller than its value in the ΛCDM model. This result indicates that a modified neutrino statistics alone would not be enough to solve both the H 0 and σ 8 tensions simultaneously, regardless of the assumptions on neutrino masses.
Having performed the analyses with the MultiNest algorithm, we can use the tools of Bayesian model comparison to determine if the introduction of the new additional degrees of freedom in the theoretical model is motivated by the improvement of the data fit. We briefly summarize the theory of Bayesian model comparison in appendix A. We compare the standard ΛCDM model with its three extensions (ΛCDM+κ ν , ΛCDM+m ν and ΛCDM+κ ν +m ν ), using either CMB data only or the combination CMB+BAO. we report the Bayes factors obtained considering CMB data alone, the simple ΛCDM model remains the preferred one, although the Bayes factors tell us that it is statistically equivalent to the extended models ΛCDM+κ ν and ΛCDM+m ν according to the Jeffreys' scale (see appendix A). The most complex ΛCDM+κ ν + m ν model is always weakly disfavoured with respect to any of the other three choices. The situation changes a bit when the BAO data are also considered, see better, the Bayes factors tell us that leaving κ ν free is a (weakly) favoured choice over leaving m ν free. The ΛCDM+κ ν + m ν model is almost moderately disfavoured with respect to the ΛCDM one.
In a similar way, we can use the Savage-Dickey density ratio (SDDR) approximation for the Bayes factor to compute how much a purely bosonic neutrino is disfavoured with respect to a purely fermionic one. In our case, the SDDR approximation works because the simpler model M κν =±1 ≡ ΛCDM + κ ν | κν =±1 with purely fermionic (+) or bosonic (−) neutrinos is nested within the extended model M κν ≡ ΛCDM + (free) κ ν . Given that [36] 
where p(κ ν |d, M κν ) and p(κ ν |M κν ) are the marginalized posterior and the prior for κ ν in the extended model M κν , which must be evaluated at the proper κ ν = ±1. Using the above definition, the Bayes factor for the purely fermionic versus the purely bosonic case can be written as: given CMB (CMB+BAO) data. These results indicate that cosmology can only weakly disfavour purely bosonic neutrinos over the purely fermionic ones.
Bounds from Primordial Nucleosynthesis
The implications on BBN of modified statistics for neutrinos were considered in the pioneering papers [6, 8, 9] . In particular, it was found that smaller values of κ ν lead to a decrease both in the primordial mass fraction of helium-4, Y p , and in the produced 7 Li abundance, while the amount of deuterium was increased [9] . At that time, primordial nucleosynthesis did not exclude a pure bosonic nature of neutrinos, but a mixed neutrino statistics went in the direction of improving the agreement between the predicted value of the baryon asymmetry η 10 ≡ 10 10 n B /n γ and its determination by CMB observations, which actually constrain the baryon energy density ω b , related to η 10 by
where T 0 γ is the CMB temperature today. Neutrino statistics, through the form of modified neutrino distribution functions, enter BBN in two main ways: 
Relative change of the primordial abundances,
, as a function of κ ν , for η = 6.094 · 10 −10 .
• the total energy density of neutrino flavours, ρ ν , contributes to the energy density of radiation, which in turn determines the Hubble expansion rate;
• the neutrino distribution functions directly appear in the weak rates that determine the neutron-proton chemical equilibrium.
Both effects can significantly affect the final abundances of primordial nuclides from BBN. We have used a modified version of the PArthENoPE 2.0 code [37, 38] to find the theoretical prediction of primordial abundances when neutrinos present mixed statistics. On one hand, we have accounted for the modification of the neutrino energy density in the nonstandard case of κ ν = 1. Since neutrinos are always relativistic at BBN, we have included the corresponding multiplicative factor on ρ ν , as depicted in Fig. 1 . On the other hand, implementing a modified statistics in the calculation of the weak rates is a more complex problem, due to the fact that the operation requires a high degree of accuracy, which forces us to take into account radiative corrections to neutron-proton exchange rates (see [39] for a review on BBN physics). In order to make a reliable estimate of the primordial abundances, we used in the modified PArthENoPE the Born weak rates. Additionally, we use the difference between the calculation including full radiative corrections and the one using Born rates, both computed for κ ν = 1 and for the same values of the other parameters, to revise the result and compensate for the lack of radiative corrections when using the mixed statistics.
Our BBN results for a particular value of the baryon asymmetry (η 10 = 6.094) are shown in fig. 7 , where the relative change of the primordial abundances is plotted as a function of the effective Fermi-Bose parameter. The behaviour is in fair agreement with the results in figure 2 (lower panel) of [9] : the relative change in the primordial abundances is of the order of a few per cent, negative for 4 He and 7 Li and slightly positive for 2 H. Interestingly, we can note from the reduction of the produced 4 He for smaller values of κ ν that the direct effect of the neutrino distribution on the weak rates is more important than the increased neutrino contribution to the energy density. For our BBN analysis, we consider the following experimental determinations of the primordial abundances of deuterium [40] , helium-4 [41] and lithium-7 [42] The theoretical values of the primordial abundances are compared with these measurements by defining the following χ 2 -functions: The results of our analysis are shown in Fig. 8 as 1-and 2-σ contours in the plane (η 10 , κ ν ), separately for each of the abundances and for the combined cases, D+ 4 He and D+ 4 He+ 7 Li. Some comments are necessary. While deuterium prefers a restricted region in η 10 (as it is a well known "baryometer"), the 1-σ region from 4 He extends to almost all the plotted range and, at 2-σ, the whole plane is allowed. At the same time, no evident indication for a preferred κ ν value can be established, with the exception of the bottom left corner that is excluded by 4 He, but only with 1-σ significance and for values of ω b in tension with CMB estimations. The lithium problem is evident in the displacement of the 1-σ lithium region to the extreme left (and almost out of the considered region). The combined analysis without lithium essentially coincides with the area fixed by deuterium, with a mild preference for κ ν = −1. Instead, when 7 Li is included, the preference of this nuclide for a lower value of η 10 tends to favour the "bosonic" character of neutrinos. Again, this is a consequence of the existence of the 7 Li problem, which is only slightly alleviated but cannot be solved with non fermionic neutrinos. Finally, we want to investigate if a joint analysis of BBN, CMB and late-time cosmological observables could provide a stronger bound on neutrino statistics. Here we just consider the inclusion of a Gaussian prior on ω b from CMB on the BBN analysis. The prior, ω b = 0.02230 ± 0.00027, was derived accounting properly for neutrino statistics, i.e., it is the result of a marginalization over all the parameters except κ ν of the full posteriors obtained using the extended model ΛCDM+κ ν +m ν and only CMB data, discussed in section 3. The results are shown in Fig. 9 , where one can see that the prior helps in reducing the allowed η 10 region and, as a consequence, to improve the significance of the allowed region in κ ν . In both cases, with or without prior, it is evident that D+ 4 He and 7 Li prefer more fermionic and more bosonic neutrinos, respectively. However, as we have already mentioned, the preference of 7 Li for negative values of κ ν should be taken with care, since it is an artefact of the disagreement between the experimental value and the prediction for the lithium abundance (i.e. the lithium problem).
As we did in the previous section, we computed the Bayes factor of purely FD versus purely BE neutrinos using the SDDR approximation, when considering BBN data alone and in combination with the CMB prior on ω b . To do so, we used MultiNest to perform a Bayesian exploration of the two-parameter space (κ ν , η 10 ) and build the marginalized posterior distributions for κ ν given the BBN likelihood L(κ ν , η 10 ) = Π i L i (κ ν , η 10 ),
i /2) and the χ 2 i are the ones in eq. (4.5). Using again eq. (3.5), we find that the preference for fermionic neutrinos may vary from inconclusive (ln B F D,BE 0.8, using D+ 4 He measurements alone) to moderately significant (ln B F D,BE 3, when the ω b constraint from CMB is also included as a prior), depending on the data one considers.
Summary and conclusions
In this paper we have considered the cosmological implications of a scenario where neutrinos violate the Pauli principle and do not follow the spin-statistics relation. This assumption, which immediately arises theoretical problems that are difficult to solve, is analysed with a phenomenological approach via the introduction of the so-called Fermi-Bose parameter κ ν , that characterizes mixed neutrino statistics. Current bounds on κ ν from laboratory experiments are restricted to the observation of two-neutrino double beta decay, which only disfavours the region close to the purely bosonic case. Our aim was to check whether the analysis of cosmological observables could provide better bounds on neutrino statistics.
Neutrinos that do not necessarily follow a Fermi-Dirac distribution in equilibrium would alter the thermal history of the Universe, in a way that mimics the effect of a change in N eff at early times but is equivalent to an enhanced neutrino mass at late times. The modified neutrino energy distributions also affect the weak rates that fix the primordial production of nuclei during BBN. Our study shows that, despite the availability of very precise cosmological data, only very weak bounds are obtained on neutrino statistics. Using either CMB data alone or in combination with BAO results, we find that the region of κ ν close to the purely bosonic case is weakly disfavoured, but only at less that 2σ, with lower bounds at the level of κ ν > −0.18 to κ ν > −0.06. The same applies to the BBN analysis: only the smallest values of κ ν are disfavoured, but at very low significance, once a prior on the baryon asymmetry from CMB is taken into account. We also find that the possibility of mixed neutrino statistics does not provide a way to solve current cosmological tensions. While we observe that changing neutrino statistics can bring the CMB-derived Hubble constant to a better agreement with the value obtained from the local measurement, it worsens the σ 8 tension. On the other hand, κ ν = 1 could alleviate but not solve the so-called 7 Li problem of BBN.
We conclude that cosmology can not provide at the moment a restrictive limit on neutrino statistics. However, the next generation of cosmological surveys will be able to determine the neutrino energy density with exquisite precision (see e.g. the recent forecast [44] ) and may improve significantly the lower limit on κ ν , complementary to the measurement of two-neutrino double beta decay.
A Bayesian model comparison
In this section we briefly report the basics of model comparison in a Bayesian statistic framework. For a complete review on the subject, see for example ref. [36] .
In the following, we will indicate with d the data under consideration and with θ the parameters that describe a theoretical model M i . Let us start defining the marginal likelihood or Bayesian evidence Z i of a model M i as
where Ω M i is the entire parameter space allowed for the model, p(d|θ, M i ) is the likelihood of the data d given the parameters θ from the model M i , and p(θ|M i ) is the prior of the parameter combination θ within the model. The Bayesian evidence is the central quantity if one wants to perform model comparison, because it can be related to the posterior probability P (M i |d) through the Bayes' theorem,
where P (M i ) is the prior probability associated to the model M i under consideration. If there are no theoretical reasons for which a model M j should be preferred over the other models M i , the quantities P (M i ) are the same. If one wants to see whether the data d prefer a model M j over M k , the quantity to be computed is the ratio of the posterior probabilities:
where the quantity B jk is the ratio of the evidences of the two models, also called Bayes factor,
A Bayes factor larger (smaller) than 1 would imply a preference for M j over M k (M k over M j ), given the data d. The magnitude of B jk indicates how strong is the preference for one of the competing models over the other and it is usually determined by means of the Jeffreys' scale (see Ref. [36] and references therein). In particular, | ln B jk | 1 means inconclusive, 1 | ln B jk | 2.5 means weak and 2.5 | ln B jk | 5 means moderate statistical evidence. A strong preference for one of the models is found when | ln B jk | 5.
